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Abstract

We address the classical analog of the extended phase space (EPS) (N=2)-supersymmetric quantum
mechanics (SUSY QM). We derive the integrals of motion and calculate the parameters that measure the
breaking of EPS-SUSY. We analyze the non-perturbative mechanism for its breaking in the instanton
picture, which has resulted from tunneling between the classical vacua of the theory. Particular attention
is given to the independent group theoretical method and its connection to the factorization procedure in
developing a spectrum generating algebra (SGA) for the EPS-SUSY.

Keywords: Extended phase space quantum mechanics—Supersymmetric quantum mechanics—Symmetry breaking—
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1. Introduction

Much use has been made of the technique of EPS QM Nasiri (2006), Sobouti & Nasiri (1993) for
keeping the symmetry between coordinates (¢) and momenta (p) in the process of quantization. It was
observed that the concept of an eztended Lagrangian, L(p, q, p, ¢) in phase space allows a subsequent
extension of Hamilton’s principle to actions minimum along the actual trajectories in (p, ¢)—, rather than
in g—space. This extension, in turn, allows a definition of ”second” momenta 7, = 6 L/ép and 7y = § L/ q,
and a subsequent introduction of an extended phase space (p, ¢, mp, m;) and of an extended Hamiltonian,
Heyt(p, q, mp, mg). In particular, the vanishing of m, or m, is the condition for p and ¢ to constitute a
canonical pair. In the language of statistical quantum mechanics, this choice picks a pure state (actual
path). Otherwise, one is dealing with a mixed state (virtual path). In Ter-Kazarian & Sobouti (2008)
we address the EPS stochastic quantization of Hamiltonian systems with first class holonomic constraints.
This, in a natural way, results in the Faddeev-Popov conventional path-integral measure for gage systems.
Consequently, in Ter-Kazarian (2009), we construct an (N=2) realization of the EPS-SUSY algebra. A new
feature of this formulation over the ordinary SUSY QM formalism E. (1981, 1982), Gamboa & Plyushchay
(1998), Inomata (1992), Inomata & Junker (1991), Nicolai (1976), Salomonson & Van Holten (1982), E.
(rf:) is, in particular, the fact that even if the SUSY was broken in ¢— or p— spaces, it can still be good
in (q,p)— space, and vise versa. We also explore the shape-invariance Balantekin (1998), Gangopadhyaya
(1998), Gendenshtein (1983) of exactly solvable EPS SUSY potentials. These aspects of conventional SUSY
QM and its connection to the factorization method have been extensively investigated by several authors.
In the present article, we investigate further the above mentioned aspects of EPS-SUSY QM.

We proceed according to the following structure. In section 2 we address the classical analog of the EPS
(N=2)-SUSY QM. In section 3 we calculate the parameters that measure the breaking of EPS SUSY. We
analyze non-perturbative mechanism for EPS SUSY breaking in the instanton picture. The section 4 deals
with the independent group theoretical methods with nonlinear extensions of Lie algebras from the EPS
SUSY QM. Unless otherwise stated we take the geometrized units. Also, an implicit summation on repeated
indices are assumed throughout this paper.
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2. The integrals of motion

The sufficient details of EPS quantization are given below to make the rest of the paper understandable.
The extended Lagrangian can be written as

»Ceoct(pa q, p? q) == _QZpZ - Q’Lpl + ﬁq + ﬁpa (1)

where a dynamical system with N degrees of freedom described by the 2N independent coordinates ¢ =
(q1,... qnv) and momenta p = (p1,... py) which are not, in general, canonical pairs. A Lagrangian £%(q, ¢)
is given in g—representation and the corresponding £P(p, p) in p—representation. A dot will indicate differ-
entiation with respect to t. One may now defines an extended Hamiltonian

He.z‘t(pa q, Trpa 7Tq) - 7Tq,- Q’L + ﬂ-pi p’L - £6$t(p7 q, pv Q) = H(p + 7TQ7 q) - H(p7 q + ﬂ-p)a (2)

where H(p, q) = pi¢i — L9 = q;p; — LP is the conventional Hamiltonian of the system. Here p and ¢ will
be considered as independent c-number operators on the integrable complex function x(¢,p). For m, and
74, however, the differential operators and commutation brackets will be borrowed from the conventional

quantum mechanics, 7y = —i [Tg:»qj] = —id;;, and similar relations hold for the pair m,, and p;.

g’
Note also the following [p;, ¢;] = [pi» pj] = [ai> 45] = [7p,> 7q;] = [Tpis ;| = [7gi»mg;] = 0. The solutions of

Schrodinger-like equation ¢ ax = H.. X, are

x(a,pt) = X(q,p, t)e™ P9 = aap Yalq, t) ¢5(p, t) e P9, (3)

where a = a' positive definite, 1, and ¢, are solutions of the conventional Schrédinger equation in ¢— and
p—representations, respectively. The normalizable y is a physically acceptable solution. The exponential
factor is a consequence of the total time derivative, —d(gp)/dt, in Eq. (1) which can be eliminated due to

(p+ mg)x(4,p,t) = (mgX(q,p, 1)) e~77, and so on. This substitution gives i 2= X(q,p,t) = Hewt X(4,p:1),

provided by the reduced Hamiltonian, H.,; where we put p+m, — 7, and ¢+ m, — m,. So, we may replace
Hept by Heyt, and x(q,p,t) by X(q,p,t), respectively, but retain the former notational conventions. The
interested reader is referred to Nasiri (2006) for further details.

Following Gamboa & Plyushchay (1998), let us consider a nonrelativistic particle of unit mass with two
(v = 1,2) odd (Grassmann) degrees of freedom. The classical extended Lagrangian Eq. (1) explicitly can
be written

. . .1 1, 1 .
Lew(p, 4, P, 4) = —4p = b+ 54" = F(g) + 55" = G(p) = R(q, P) N + 3 Yatba, (4)
provided by N = 9119 = —ity 1, where 1), are the two odd (Grassmann) degrees of freedom. Here
Flg): R—TR, G(p):R — R and R(q, p) : R — R are arbitrary piecewise continuously differentiable
functions defined over the 1-dimensional Euclidean space R. The nontrivial Poisson-Dirac brackets of the
system Eq. (1) are

{Q7 71-q} =1, {p7 ﬂ'p} =1, {1/}0” %} = 5a67

(o ¥} =1, 42 =0, ¢s= % (1 % itpy) (5)

The extended Lagrangian Eq. (1) yields the Hamiltonian H,; which, in turn, gives the following equations
of motion:
q.:ﬂ'qa p:ﬂ'p? 7:"q: _Fé(Q)_R;(% p) N, (6)
p = —Gy(p) + Ry(q, p) N, b+ = +iR(q, p) ¢z,

where N is the integral of motion additional to Heye. Along the trajectories ¢(t) and p(t) in (p, q)— spaces,
the solution to the equations of motion for odd variables is

alt) = vtio) o |1 " R(g(r), b ar]. ™)

0

Hence, the odd quantities
t

0 = e (1) oxp [w t R(qm,pm)df] ®)
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are nonlocal in time integrals of motion. In the trivial case R = 0, we have @Z}i =0, and 6+ = . Suppose
the system has even complex conjugate quantities By p+, (Bgp+)* = Bgp—, whose evolution looks, up
to the term proportional to N like the evolution of odd variables in Eq. (6). Then local odd integrals of
motion could be constructed in the form Qx4+ = Bx+ 1¥+,, where X denotes concisely either ¢— or p—
representations (no summation on X is assumed). Let us introduce the oscillator-like bosonic variables Bx 1
as

qu : ,CQ(R) — EQ(R), qu = [p+ Tq + ZW((])] s (9)
Byt : L2(R) = L2(R), Bps = [q+m =iV (p)],
where W(g) : R - R and V(p) : R — R are the piecewise continuously differentiable functions called SUSY
potentials. In particular, if R(q, p) = R4(¢q) — R,(p), we obtain

Qqs = Fi [(Wy — Riy) = Vi (Fj = WIWG) v ],

Qo = i (V) — Ryw) — Vi (G = VV}) v] (10)

This shows that either Qu+ = 0 or Qp+ = 0 when W/ (@) = Ry (q) and Fy = %(WQ); or Vy(p) = R4 (p) and
G, = (Vz)p respectively. Therefore, when the functlons Ry, F(q) and G( ) are related as
(@) =Wila), Fy=3W?+Cp Ri(p) =Vy(p), Gp=3V>+Cp, (11)

where C'x are constants, then odd quantities @ x+ are integrals of motion in addition to H.;; and N. Using
the explicit form Heyy = Hy — H :

1 1
Hq_§7rQ+F2()—|—RN H, —57TP+G2()+RPN, (12)
it can be seen that @ x+ and NN together with the H, and H, form the classical analog of the EPS SUSY
algebra
{Qx+, Qx-} =2(Hx — Cx), {Hx,Qx+}=
{62)(i3 C?)(j:} = 07 {fv} CQJ(ﬁ:} = j:i(?)(j:, {]V} 115(} = 07
with constants C'y playing a role of a central charges in (¢, p)— spaces, N is classical analog of the grading

operator. Putting C; = C, = 0, we arrive at classical analog of the EPS SUSY QM Ter-Kazarian (2009)
given by the extended Lagrangian

1 1 1
Leat(p, ¢ Dy §) = §w§—fw2( Q)+5m Z%—fVQ( p) + 12 (Wy+ V) + ¥atba. (14)

(13)

We conclude that the classical system Eq. (1) is characterized by the presence of two additional local in
time odd integrals of motion, @ x+, being supersymmetry generators. Along the actual trajectories in
g—space, the Eq. (11) reproduces the results obtained in Ter-Kazarian (2009). In the matrix formulation
of EPS (N=2)-SUSY QM, the ¥4 will be two real fermionic creation and annihilation nilpotent operators
describing the fermionic variables. The &i, having anticommuting c-number eigenvalues, imply

Gom [y (i), (Gt} =t [ }=1 G20 (19

They can be represented by finite dimensional matrices z/?i =0,
1/}+:0+:<8(1)>, 1[1_:0_=<(1)8>, f:%U& (16)
where the ot = &2“’2 denote the usual raising and lowering operators for the eigenvalues of o3. The

fermionic operator Eq. (16) commutes with the H¢,; and is diagonal in this representation with conserved
eigenvalues :l:%. Due to it the wave functions become two-component objects:

_( x412(a.p) ) _ < x1(g, p) ) _ < U1(q)d1(p) > 17

x(a:p) ( X—1/2(¢;p) x2(¢,p) Va(q)p2(p) )’ (a7)
1

where the states ¥1,2(q), ¢1.2(p) correspond to fermionic quantum number f = £, respectively, in g— and

p— spaces. They belong to Hilbert space H = Ho ® C? = [EQ(R) ® EZ(R)] ® C?. Hence the Hamiltonian
Hyi of EPS (N=2)-SUSY QM system becomes a 2 x 2 matrix Ter-Kazarian (2009).
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3. The EPS SUSY breaking

To calculate the parameters that measure the breaking of EPS SUSY, let us first find the approximate
ground state solutions to the extended Schrodinger-like equation

Hewt x(q,p) = (Hg — Hp) x(¢,p) = £ x(¢,p), (18)
with the supposedly small groundstate energy €. As we mentioned above the solutions for non-zero € come

in pairs of the form x4(¢,p) = < Xl(g’p) ) or xy(¢,p) = < N ((q) ») > , related by supersymmetry, where
2\4,

x1.2(¢,p) = ¥12(q)¢P1,2(p). The state space of the system is defined by all the normalizable solutions of
Eq. (18) and the individual states are characterized by the energies ¢, and ¢, and the fermionic quantum
number f. One of these solutions is acceptable only if W (q) and V(p) become infinite at both ¢ — 400
and p — £oo, respectively, with the same sign. If this condition is not satisfied, neither of the solutions is
normalizable, and they cannot represent the groundstate of the system. The Eq. (18) yields the following
relations between energy eigenstates with fermionic quantum number :I:%:

(~3 + W@ ) Var s — (~ 5+ V) yep(a)oats) - (19
V2e1(0)d1(p),

and

(5 + @) vErn@et) - (4 + VD) va o) - o)
V2eia(q)d2(p),

where e = ¢,—¢p,, ¢4 and g, are the eigenvalues of H, and H), respectively. The technique now is to devise
an iterative approximation scheme, as developed in Salomonson & Van Holten (1982), to solve Eq. (19) and
Eq. (20) by taking a trial wave function for x2(gq, p), substitute this into the first equation (19) and integrate
it to obtain an approximation for xi(g,p). This can be used as an ansatz in the second equation Eq. (20)
to find an improved solution for x2(q,p), etc. As it was shown in Salomonson & Van Holten (1982), the
procedure converges for well-behaved potentials with a judicious choice of initial trial function. If the W,
and V), are odd, then ¢1(—¢q) = ¥2(q), ¢1(—p) = ¢2(p), since they satisfy the same eigenvalue equation.
The independent nature of ¢ and p gives the freedom of taking ¢ =0, p = 0 which yield an expression for

energies: /2, = W(0) +¢1(0) /¢1(0) , +/2e, = V(0) + ¢1(0) /¢1(0) . Suppose the potentials W;(q) and
Vp(p) have a maximum, at ¢_ and p_, and minimum, at q+ and p, respectively. For the simplicity sake we

choose the trial wave function as Xg?%(q) =06(q — q+)0(p — p+). After one iteration, we obtain

i (. p) = %H(Q —q_)0(p —p_) e o A W@I=JST V)

1 (21)
Xél)( p) = N@(q+ —q)0(p+ —p) eJo dd W(d)+ ][5 dp' V(p )7
where N is the normalization factor. The next approximation leads to
1 e ! 11 1
X§2)(q’p) = o= Jo dd W(d)+[7 dp' V(")) dq/e—Qf(;l dq" W(q")
0o , maz(—q,q—)
/ dp/e—Z J& dp” V(p”),
maz(—p,p-) ' (22)
]. ’ ’ / / mln(_q7q<|—) ’ " p
X2 (4,p) = 5 el 0 W V) / a2 I AW
/mzn(_pvar) dp’€2 fgl P V(p”).

It can be verified that to this level of precision Eq. (21) is self-consistent solution. Actually, for example,
for ¢/ > g_ the exponential e~2 Jo W@"dd" win peak sharply around ¢, and may be approximated by a §—

function ¢d(q, — ¢'); similarly e? Jo W(a")da" e may replace approximately by ¢d(q— — ¢') for ¢ < g+. The
similar arguments hold for the p-space. With these approximations equations (22) reduce to Eq. (21). The
normalization constant N’ is

oo oo / 3/2
N = (/ dge~2Jd W(d)dd / dpe21o V(p’)dp’> _ (23)
q— p—
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The energy expectation value € = (x1, Hezt X1) gives the same result as that obtained for odd potentials

. . —2[? W(q)dq —2 [ V(p)dp
by means of the /24, \/2¢p, and Eq. (22). Assuming the exponentials e ¢ and e P to
be small, which is correct to the same approximations underlying the ¢, the difference is negligible and
the integrals in both cases may be replaced by gaussians around ¢4 and p,, respectively. Hence, it is
straightforward to obtain

! !
_ hWq(a+) o~ 2AW/h _ Vs (p+) o—2AV/h (24)
21 27 ’
which gives direct evidence for the SUSY breaking in the EPS QM system. Here we have reinstated

h to show the order of adopted approximation and its non-perturbative nature, and denoted AW =
- P
Wi(q)dq, AV = V(p) dp. However, a more practical measure for the SUSY breaking, in particu-

P+
lar, in field theories is the expectation value of an auxiliary field, which can be replaced by its equation of mo-

tion right from the start: < F' >= (x4, i{Q4, 0—}xy) . Taking into account the relation Q1 x4 = 0, with Q
commuting with H.,;, which means that the intermediate state must have the same energy as x, the expec-
tation value < F' > can be written in terms of a complete set of states as < F' >=1 (x1, Q+ xy) (X}, 0=, X1) -
Note that

€ =< Hept >= (Xts Heat X1) = % Ot Q@+ xy) (s Q- x1) =
&iq —ep=<Hg>—-<Hp>= Yy, Hythr) — (91, Hp p1) = (25)
B (Y1, Qv y) (W, Qq— 1) — 5 (D15 Qpr 91) (P4, Qp— P1) 5

—~

N[

where x4, = 4,01, and Py = <%1 ), Y, = (12)2 > or = <%1 >, ¢, = ( (;)2 ).By virtue of

N 1
7@ Qp- ¢T =9, =

1
SUSY algebra, we have — Q_ x4y = x| = 1/)_ X+s

V2e
P ¢1, and the Eq. (25) reads

Ve (xt, @+ xy) (Xw - XT) = VEq (U1, Qg+ ¥) (% W w) -

. 26
VE (61, Qe ) (01, 001 20

Using the matrix representations of Q4+, @p+ and LZAJ, and the wave functions Eq. (22), we obtain

. [eq Wilq) ey Volp)
(X1 @+ X1) (xw P XT> =u/que 2AWAG —i f”Te 28V Ap, (27)

where Ag = ¢4+ — q— and Ap = py — p_. Hence

[eq W [e, V,
< F>=— 72AWA Ep p( ) 72AVAp. (28)

It is remarkable that the expressions Eq. (27) and Eq. (28) can be obtained in the path integral formulation
of the theory by calculating the matrix elements of tunneling between two classical vacua in an one-instanton
background Polyakov (1977). That is, the matrix elements of @i, Qg+ and Qp+ can be calculated in the
background of the classical solutions ¢. = —W, and p. = —V,. In doing this we re-write the matrix element
Eq. (20) in terms of eigenstates of the conjugate operator @i:

VE < 40q:p1]Q+lg-p-0— >< —0g_p_|¢_|g1p 0+ >=
Ve < F004[Qqtlq-0— >< —0g_[¢—|g4.0+ > — (29)
VEr < +0p1|Qpi|p-0— >< —0p_[¢—|p1 0+ > .

This, in turn, can be presented by path integrals defined in terms of anticommuting c-number operators

¢ and 1 where ¥ = \[ < 7777+ %) > , with Euclidean actions of the instantons S)E; in g— and p— spaces,

respectively. Given Sg one may calculate the matrix elements of zﬂi and @ x+. The corresponding functional
integrals include an integration over instanton time 1y which is due to the problem of zero modes of the
bilinear terms in Euclidean actions Salomonson & Van Holten (1982). The zero mode problem is solved by
introducing a collective coordinate 7y replacing the bosonic zero mode Balantekin (1998). In the case when
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the SUSY potentials in g— and p— spaces have more than two extrema ¢, and p,, v, = 1,2,..., N, one
can put asymptotic conditions on the SUSY potentials Sobouti & Nasiri (1993) as

/ W(q)dgd — o at q— +oo for 1,
0 (30)
/ W(q)d¢d — —oc at q— oo for vy,
0

and similar ones for V(p), that the extrema are well separated: qu:H W(q')dq > 1, and f;: Ty dp > 1.

Around each of the classical minima ¢, and p, of the potentials W?2(q) and V3(p), respectively, one can
approximate the theory by a suppersymmetric harmonic oscillator. Then there are N ground states which
have zero energy. These states are described by upper or lower component of the wave function, depending on
whether v and p are odd or even. With this provision the functional integrals are calculated in Salomonson
& Van Holten (1982), hence

Wl
< 4004 |Q4rlq 0— >=1i i$)aﬂm,

< 0 [{-|q 0+ >= [ =< 2 7AW Age,
etc. Inserting this in Eq. (29), we arrive at the Eq. (27)
< +0¢4p+|Q+lg—p—0— >< —0g_p_[)_|q4p+0+ >=
i ﬁ Wc,(q) 672AWCA(]C — gl ‘/Z(p) 672AV0APC’ (32)
e 7 Ve =«

and, thus, of Eq. (28). This proves that the extended SUSY breaking has resulted from tunneling between
the classical vacua of the theory. The corrections to this picture are due to higher order terms and quantum
tunneling effects.

4. Spectrum generating algebra

An extended Hamiltonian H,.,; can be treated as a set of two ordinary two-dimensional partner Hamil-
tonians Sobouti & Nasiri (1993)

1
Ha =3 [n2 =72+ Uslap)], (33

provided by partner potentials

Us(q,p) = Ugs(q) = Upx(p),  Ugse(q) = W?(q, ag) T Wy(g, ay), (34)
Upx(p) = Vg(p, ap) F V;(p’ ap).-

A subset of the SUSY potentials for which the Schrodinger-like equations are exactly solvable share an
integrability conditions of shape-invariance Balantekin (1998), Gangopadhyaya (1998), Gendenshtein (1983):

Uy (ao,q,p) = U-(a1,q,p) + R(ao), a1 = f(ao), (35)

where ag and a1 are a set of parameters that specify phase-space-independent properties of the potentials,
and the reminder R(ap) is independent of (g, p).
Using the standard technique, we may construct a series of Hamiltonians Hy, N =0,1,2,...,

N

1 2 2
HN == 5 Trq - 7Tp + U—(aN7q7p) + kz_lR(ak) Y (36)

where ay = fV)(a) (N is the number of iterations). From Eqs. (31) and (35) we obtain N = n+m coupled
nonlinear differential equations which are the two recurrence relations of Riccati-type differential equations:

W2, (@) + Wiy (@) = W2(@) — Wi () — tin
VTglJrl(p) + ‘/;(m-f—l)(p) = Vn%(p) - ‘/];m(p) — VUm,
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where we denote W,(¢) = W(q, agn), Vm(p) = V(p, apm), ttn = Ry(agn) and vy, = Ry(apm). Here we
admit that for unbroken SUSY, the eigenstates of the potentials U, ,, respectively, are

n—1 m—1
B =0, ER =Y E =0, ES)=3u, (38)
i=0 §=0

that is, the ground states are at zero energies, characteristic of unbroken supersymmetry. The differential
equations (37) can be investigated to find exactly solvable potentials.
The shape invariance condition of Eq. (35) can be expressed in terms of bosonic operators as

By (z, ag)B-(z, ap) — B_(z, a1) B (z, a1) = R(ao) = po — 1o,

39
Bx (X, axo)Bx—(X, axo) — Bx—(X, ax1)Bx+(X, ax1) = (uoorvp), (39)

where x(q, p)-is the coordinate in (g, p)— space. To classify algebras associated with the shape invariance,
following Gangopadhyaya (1998) we introduce an auxiliary variables ¢(¢q, ¢p) and define the following
creation and annihilation operators:

T = eMB, (@, \(i05), J- = B_(x, x(idy))e ", (40)

where k(kq, kp) are an arbitrary real constants and x(xg, Xp) are an arbitrary real functions. Consequently,
the creation and annihilation operators in (g, p)—spaces can be written as

Ixy = €ikX¢XBx+(X, Xx(ia¢x)), Jx_ = BX_(X, XX(i8¢X))e_ikX¢X. (41)

The operators By (z, x(i0g)) and Bx+ (X, xx(i0g, )) are the generalization of Egs. (39), where ag — x(i0,))
and axo — Xx(i0gy)). If we choose the function x(i0y) such that x(i0s + k) = f[x(i04)], then we have
identified ag — x(i0y)), and a1 = f(ao) = f[x(i0s))] = x(i0p + k). From Eq. (39) we obtain

By (z, x(i05))B-(z, x(i0s)) — B—(z, x(i0s + k)) By (z, x(i0s + k)) = R[x(i0s))],
BX+(X7 XX(iafbx))BX—(Xa X(iafﬁx))_ (42)
Bx (X, xx(i0sx + kx))Bx+(X, xx(i0sy +kx)) = Rx[xx (104 ))]-

Opy , and combining Eqs. (11) and (12), we arrive at

Introducing the operators J; = —%&b and Jy3 = — A
X

a deformed Lie algebras as follows:

[‘]—H J—] = [Jq+a Jq—] - [Jp+> Jp—] = ’f(JB) = fq(Jq?)) - fp(Jp3)7
[J3, Ju] = £Jx, [Ix4, Ix—] =&x(Ix3), [Ix3, Ix+] = £Jx+,

where £(J3) = R[x(i0y))] and £x(Jx3) = Rx[xx(i04,))] define the deformations. Different x functions in
Eq. (42) define different reparametrizations corresponding to several models. For example:
1. The translational models (a1 = ag + k) correspond to x(z) = z. If R is a linear function of .J3 the algebra
becomes SO(2.1) or SO(3). Similar in many respects prediction is made in somewhat different method by
Balantekin Balantekin (1998).
2. The scaling models (a; = e”ag) correspond to x(z) = €, etc.

To find the energy spectrum of the partner SUSY Hamiltonians

2H_(x, x(i0)) = B_(x, x(i0y + k)) B4 (z, x(i0g + k)),
2Hx (X, xx(105x)) = Bx—(X, xx(i0py + kx))Bx+(X, xx (1055 + kx)),

(43)

k

(44)

one must construct the unitary representations of the deformed Lie algebra defined by Eq. (13) Gangopad-
hyaya (1998), E. (rf:). Using the standard technique, one defines up to additive constants the functions
g(Jg) and gx(ng):

§(J3) =9(J3) —g(Js = 1), &x(JIx3) = gx(Jx3) —gx(Jx3 —1). (45)

The Casimirs of this algebra can be written as Cy = J_J;+¢g(J3) and accordingly Cxs = Jx_Jx++gx(Jx3)-
In a basis in which J3 and Cs are diagonal, J_ and J; are lowering and raising operators (the same holds
for X-representations). Operating on an arbitrary state |h > they yield

J3lh >=hlh >, J_|h>=a(h)lh—1>, Jilh>=a"(h+1)h+1>, (46)
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where

la(h)]* = la(h + 1) = g(h) — g(h —1). (47)

Similar arguments can be used for the operators Ji, )3, Cx2 and Jx+, which yield similar relations for the
states hx. The profile of g(h) (and, thus, of gx(hx)) determines the dimension of the unitary represen-
tation. Having the representation of the algebra associated with a characteristic model, consequently we
obtain the complete spectrum of the system. Let us obtain, for example, analytic expressions for the entire
energy spectrum of extended Hamiltonian with Self-Similar potential without ever referring to underlying
differential equation. A scaling change of parameters is given as a1 = Qag, ax1 = Q@xaxo, at the simple

choice R(ag) = —riag, where r is a constant. That is,
§(J3) = —riexp(—kJ3) = §(Jg3) — &p(Jp3) = —rq1 exp(—kqJg3) + rp1 exp(—kpJp3). (48)
This yields
[J4, J-] =&(J3) = —riexp(=kJs), [J3, Jo] = £/, (49)
which is a deformation of the standard SO(2.1) Lie algebra. Therefore, one gets
o _ r _
g = oqe M= g@ " @=eh 50
50
_ _"X1  —kxhx _ __"X1 —hx _ Jkx
gx(hx) = e s Qx = e™X.

For scaling problems Gangopadhyaya (1998) one has 0 < ¢ < 1, which leads to k£ < 0. The unitary repre-
sentation of this algebra for monotonically decreasing profile of the function g(h), are infinite dimensional.
Let the lowest weight state of the J3 be Apin, then a(hmin) = 0. One can choose the coefficients a(h) to be
real. From Eq. (17), for an arbitrary h = hyi, +n,n =0,1,2,..., we obtain

m—1
() =glh=n 1) = glh—1) =i G Q" (51)
The spectrum of the extended Hamiltonian H_(z,a;) reads
_ 2 _ Q-1 iy
with the eigenenergies
n_1
En(h) = rloz(h)Q a(h) = Q" (53)

Q-1
Similar expressions can be obtained for the Hy_ and eigenenergies E,, and Ep,, (n = (n1,n2), ni2 =
0,1,2,...), as

Q-1
Hy_|hq >= aq(hq)?|hg >= rqlqi_l g by >,
QﬁQ -1 in (54)
Hy-|hp >= ap(hy)?|hy >= 1 Qp "y >,
Qp -1
and o1
- 1—h
Eqny (hq) = rq10q(he) — 1 ag(he) =Qq (55)
55
QP —1 1-h
Epny (hp) = rp10p(hyp) Qp 1 ap(hp) =Qp 7
P
Hence

En(h) = Egn, (hq) - Epnz(hp)~ (56)

5. Concluding remarks

A considered classical system is characterized by the presence of two additional local in time odd integrals
of motion being (N=2)-supersymmetry generators. We calculate the parameters which measure the breaking
of EPS SUSY and analyze non-perturbative mechanism for EPS SUSY breaking in the instanton picture. We
show that this has resulted from tunneling between the classical vacua of the theory. Using the factorization
procedure we explore the algebraic property of shape invariance and SGA.

G.Ter-Kazarian 15
doi: https://doi.org/10.52526/25792776-26.73.1-8


https://doi.org/10.52526/25792776-26.73.1-8

Classical extended phase space SUSY

References

Balantekin A., 1998, Phys. Rev. A, 57, 4188

E. W., 1981, Nucl. Phys., B 188, 513

E. W., 1982, Nucl. Phys., B 202, 253

Gamboa J., Plyushchay M., 1998, Nucl. Phys., B 512, 485
Gangopadhyaya A. e. a., 1998, UICHEP-TH/98-11, [hep-th/9810074]
Gendenshtein L., 1983, JETP Lett., 38, 356

Inomata A., 1992, in Inomata H et al. Path Integrals and Coherent States of SU(2) and SU(1,1). (World Scientific, Singapore)

Inomata A., Junker G., 1991, Quasi-classical approach to path integrals in supersymmetric quantum mechanics, in Cerdeira H et al.

Lectures on Path Integration. (World Scientific, Singapore)
Nasiri S. e. a., 2006, J. of Math. Phys., 47, 092106
Nicolai H., 1976, J. Phys., A 9, 1497
Polyakov A., 1977, Nucl. Phys., B 120, 429
Salomonson P., Van Holten J., 1982, Nucl. Phys., B 196, 509
Sobouti Y., Nasiri S., 1993, Int. J. of Mod. Phys., B 7, 3255
Ter-Kazarian G., 2009, J. Phys. A: Math. Theor., 42, 055302

Ter-Kazarian G., Sobouti Y., 2008, J. Phys. A: Math. Theor., 41, 315303

G.Ter-Kazarian
doi: https://doi. org/10.52526/25792776-26.73.1-8

16


https://doi.org/10.52526/25792776-26.73.1-8

	Introduction
	The integrals of motion
	The EPS SUSY breaking
	Spectrum generating algebra
	Concluding remarks

